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Abstract

Inspired by the interpretation of two-dimensional Yang—Mills theory on a cylinder as a random walk on
the gauge group, we point out the existence of a large N transition which is the gauge theory analogue of
the cutoff transition in random walks. The transition occurs in the strong coupling region, with the "t Hooft
coupling scaling as o log NV, at a critical value of & (¢ = 4 on the sphere). The two phases below and above
the transition are studied in detail. The effective number of degrees of freedom and the free energy are found
to be proportional to N 23 below the transition and to vanish altogether above it. The expectation value
of a Wilson loop is calculated to the leading order and found to coincide in both phases with the strong
coupling value.
© 2006 Elsevier B.V. All rights reserved.

1. Introduction

Yang-Mills theory in two dimensions is at the intersection of many different fields of theo-
retical physics. It is one example of non-trivial completely solvable gauge theory [1,2], in which
both perturbative and non-perturbative effects can be studied. The interpretation of YM> in terms
of string theories, namely a theory of branched coverings on a two-dimensional Riemann surface,
was discovered for large N in [3], and for finite N in [4], for the intersecting Wilson loop on the
plane. Its large N expansion has then been proved to describe a two-dimensional string theory
on generic two-dimensional manifolds [5,6]. Non-trivial topological sectors in the unitary gauge
also seem to be related to matrix string states [7]. Its partition function on a torus can be de-
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scribed in terms of a gas of free fermions [13-16], and the kernel on a cylinder by the evolution
of a system of N free fermions on a circle, namely by the Sutherland model.

Some new connections between two-dimensional gauge theories and statistical mechanical
systems were pointed out in [8] where two-dimensional gauge theories of the symmetric group
S, in the large n limit were investigated. Gauge theories of S, also describe n-coverings of a
Riemann surface and hence they are closely related to two dimensional Yang—Mills theories;
the relation being essentially provided by Frobenius formula that relates U (N) characters (in
a representation with n boxes in the Young diagram) to the corresponding characters of the S,
group.

It was shown in [8] that the partition function of a gauge theory on a disc or a cylinder can
be interpreted in terms of random walks on the gauge group, whose initial and final positions are
the holonomies at the ends of the cylinder! and the number of steps is the area of the surface.
Although the focus in [8] was on the discrete group S, the argument can be trivially extended to
continuous Lie groups. Similar results were independently obtained in [19-21]. It is well known
in random walks theory that after a certain number of steps the end point of the walk becomes
independent of the starting point: the walker has lost any memory of the point he started from.
The critical number of steps after which that happens can be exactly calculated in a number of sit-
uations, and the corresponding transition is known as cutoff transition. Given the correspondence
between random walks on the group and gauge theory on a cylinder, one expects to find the cut-
off transition also in gauge theories. Indeed it was found in [8] that for an S,, gauge theory where
the holonomy on each elementary plaquette is given by a single transposition,” a cutoff transi-
tion occurs in the large n limit when the number of plaquettes (and hence the area) is %n logn,
in agreement with previous results in random walks [17]. Models with more general Boltzmann
weight for the plaquettes have a richer structure of phase diagrams [8]. The stringy interpretation
of the cutoff transition in the S, gauge theory is the following: beyond the transition the string
world sheet is completely connected in the large n limit, while before the transition the world
sheet consists of a large connected part and of a small fraction (in fact vanishing in the large n
limit) of disconnected parts.

Another well known correspondence relates random walks with random graphs [18], that is
graphs obtained by randomly connecting n points with p links. These can be put in correspon-
dence with random walks on S, made of p steps, each step consisting of a simple transposition.
Two types of transitions are known in the large n large p double scaling limit in random graphs: a
percolation transition at a critical value 8 = B, when p = fn and the cutoff transition at o« = 1/2
when p = anlogn. Beyond the transition, namely for p > 1/2nlogn all the n points are con-
nected whereas before the transition a vanishing fraction of disconnected points survive.

It is rather natural at this point to look for a similar transition in the large N limit of U (N)
gauge theories. A large N phase transition on a sphere and on a cylinder in two-dimensional
Yang-Mills theories—the Douglas—Kazakov phase transition—has been known for quite some
time. However this is not a cutoff transition. In a cutoff transition the partition function on a disc
for instance becomes independent on the holonomy on the border of the disc, and this is not
the case in the Douglas—Kazakov transition. Besides the Douglas—Kazakov transition occurs at a
finite value of the t Hooft coupling whereas from the previous examples it appears that the cutoff
transition occurs when the area scales as log N at large N. From this point of view the Douglas—

1 In a disc the starting point is the identity of the group, and on a sphere both starting and ending points are the identity.
2 In terms of the string interpretation this means that in each plaquette there is a single quadratic branch point connect-
ing two of the n sheets of the world sheet.
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Kazakov transition appears more similar to the percolation transition in random graphs, although
a precise correspondence is still to be found.

The existence of the cutoff transition in the large N limit of 2D Yang-Mills on the sphere
when the ’t Hooft coupling scales as log N was proved by a simple argument in [8]. The present
paper is devoted to study such transition further on both the sphere and the cylinder, in order to
characterize its phases and give some physical interpretation. The paper is organized as follows:
in Section 2 we review the large N Douglas—Kazakov transition and its physical interpretation.
In Section 3 we introduce the cutoff transition on the sphere and study the phases above and
below the transition. Section 4 is devoted to the transition on the disc and on the cylinder and
Section 5 to the calculation of the expectation value of Wilson loops.

2. Large N transition

The partition function of a pure gauge theory on an arbitrary orientable two-dimensional man-
ifold M of genus G, p boundaries and area A has been known for many years [1,2]:

Zpm :/[DA“]e_ﬁ Jaad?x JETH(FI Fiuy)
2-2G—p A
= xe(8)+ xr(8p)dy Po=anC2(r) 0
-

The sum runs over all irreducible representations of the gauge group, X is the gauge coupling,
xr(gi) 1s the character of the holonomy g; in the representation r and C,(r) is the quadratic
Casimir operator in the representation r. A is related to the actual area of M through A = 22N A.

We consider G = 0 manifolds with at most 2 boundaries; i.e. spheres, discs and cylinders.
Moreover, we will confine our analysis to the unitary groups U(N) and SU(N). A third order
phase transition in the large N limit was discovered in the case of a sphere by Douglas and Kaza-
kov [10] at a critical value A = 72 of the rescaled area A. This transition appears to separate a
weak coupling (A < 72) from a strong coupling (A > 7?) regime. These results were general-
ized to the case of a cylinder in [11,12] where the phase transition was also interpreted as a result
of instanton condensation.

The partition function on the sphere can be written as a sum over the set of integers n; > np >
--- > ny that label the irreducible representations of SU(N) and U (N )3:

A D D B @

ny>ny>->nyi<j

The existence of a phase transition at the critical value A = 72 can be easily derived from (2)
by noticing that the partition function (2) is exactly the same as the one of a Gaussian hermitian
matrix model but with the integral over the eigenvalues replaced by the discrete sum over the
integers n;. The solution of a Gaussian hermitian matrix model in the large N limit is given by
Wigner’s semicircle distribution law for the eigenvalues®*:

4

A

3 In the case of U (N) the extra condition ny > —% must be imposed.
4 This approach for the study of YM, was first used by Rusakov [9].
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Fig. 1. Eigenvalue distribution for A < 72.
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Fig. 2. Eigenvalue distribution for A > 72 (i.e. DK transition).

where the continuum variables

i )»( ) n;
x=—, X)=—,
N N
and the corresponding density of eigenvalues
=2 (4)
P =5

have been introduced. In (2) however the would-be eigenvalues n; are distinct integers and as a
consequence the corresponding density o (A) in the large N limit is constrained by:

o<1 Vi 5)

Hence the Wigner semicircle solution is acceptable only in the weak coupling phase, namely for
A < 7% where the condition (5) is fulfilled. In fact the maximum of |p(A)| occurs at A =0, it
increases with the area A and becomes equal to 1 at A = 772, as easily seen from (3). The solution
in the strong coupling phase A > 72 was found in [10] and is expressed in terms of elliptic
integrals. In this phase a finite fraction of the eigenvalues condenses, namely the distribution
p(A) is flat and equal to one in a symmetric interval around A = 0 as shown in Figs. 1 and 2.

2.1. Configuration space

It is well known [13-16] that the partition function of two-dimensional Yang—Mills theories
with gauge group U (N) can be interpreted in terms of a gas of N free fermions on a circle
described by a Sutherland—Calogero model. In particular, if we denote by KC2(6, ¢; A) the kernel
on a cylinder of scaled area A and with the U(N) holonomies at the two ends given by the
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invariant angles 6; and ¢;, it was shown that ', (6, ¢; A) can be interpreted as the propagator in a
time A from an initial configuration where the positions of the N fermions on the circle are given
by 6; and a final configuration with positions labeled by ¢;. The partition function on the sphere
of area A is a particular case where the initial and final configurations are just 6; = ¢; = 0 for
all i’s, namely the amplitude for a process where all fermions start at the origin and come back to
the origin after a time A. By a modular transformation on the kernel of the cylinder one finds that
the integers n; labeling the irreducible representations of U (V) are just the discrete momenta of
the fermions on the circle. While in the momentum representation the Douglas—Kazakov phase
transition can be interpreted as fermion condensation, in the configuration representation it can
be seen in terms of instantons condensation [11,12]. In fact, while going from the initial ; = 0
configuration to the final ¢; = O configuration, a fermion can in principle wind an arbitrary
number of times around the circle. These winding (instantons) configurations do not contribute
in the large N limit to the weak coupling phase, as shown by the following simple argument.
Consider the Wigner distribution (3) of momenta in the weak coupling phase. The maximum
allowed momentum is 7nyax = %, hence the maximum shift in position for a single fermion in

the time A is given by

2
— =2VA. 6
7 VA ©)

The existence of winding trajectories requires this shift in position to be at least 2, namely A
to be greater of 772. Hence the critical value of A, where the Douglas—Kazakov phase transition
occurs, marks the point where instantons condense, and contribute to the functional integral in
the large N limit.

A more detailed understanding of the Douglas—Kazakov phase transition can be achieved by
introducing in the large N limit the density p (8, t) of fermions in the position 6 at a given time
(= area) . Due to the compact nature of the configuration space p (8, ¢) is defined in the interval
—1m <0 < with p(—m,t) = p(m,t). Matytsin proved [22] that if the evolution equation of
the fermions is given by the Calogero—Sutherland model then the density p (6, t) is governed by
the Das—Jevicki equation [23] which admits Wigner semicircular distribution of radius r(¢) as a
solution:

p0,1) =

Abmax = A

2
m(t)zx/r(t)z =62, 101 <r() @)

with r(¢) satisfying the differential equation & ’(’ ) 4 r(t)3 =
ary conditions are 7(0) =r(A) = 0 and the dlfferentlal equation has the solution:

= 0. On a sphere of area A the bound-

r(t) =2 #. ®)

The solution given by (7) and (8) is valid provided the support of the density function p (6, t) is
in the interval [—m, ] at all 7, namely provided r(#) < 7. The maximum value for the radius
r(t) occurs for t = A/2 and iS rmax = +/A. Hence the condition for the validity of the Wigner
semicircular solution is A < 2. Beyond the critical value A = 72 the fermions “realize” that the
space they live in is compact, instantons effects become important and (7) is not an acceptable
solution any longer. On the cylinder a similar phase transition occurs in general, at a critical
value of the area that depends on the holonomies at the boundaries.” If the distribution of the

5 However with particular conditions at the boundary the phase transition may also be absent, see for instance [26].
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Fig. 3. Eigenvalues distribution for 0 < o < 4.

invariant angles of the holonomies at the boundaries is the Wigner semicircular distribution, then
the critical area can be calculated exactly in the same way as for the sphere [11]. For a more
general discussion see [12].

3. Large A(N) phase transition

It is apparent from the discussion in the previous section and from the explicit form (2) of
the partition function that as the area of the sphere increases the distribution of the “momenta”
n; (i.e. of the integers that label the U (V) representations) becomes more and more similar to a
double step function, like the one drawn with dashed lines in Fig. 3. In fact for very large areas
the attractive quadratic potential tends to dominate over the repulsive force produced by the
Vandermonde determinant. The double step distribution corresponds to the trivial representation
of U(N) in which all characters are identical irrespective of their argument. If this distribution
dominates the functional integral then the kernel on a disc or on a cylinder becomes independent
from the holonomies at the boundaries.

As already mentioned in the introduction, the partition functions on the disc and on the cylin-
der may be interpreted in terms of random walks on the group manifold. From this point of view
the very large area phase, where the sum over the irreducible representations is dominated by the
trivial representation corresponds to a walk which is so long that the walker has lost any notion
of the starting point. The transition where this situation sets in is known in random walk theory
as “cutoff transition”, and the same term will be used here.

The cutoff regime occurs for areas larger than a critical N dependent value A.(N) which was
found in [8]. The argument is very simple: consider the trivial double step representation R that
minimizes the Casimir term }_; n?

9)

Ro: | | N -1 N -1

R V2 = g e ey T )
0 1 N ) )

and compare its contribution to the partition function (2) with the one coming from a representa-
tion R in which n has been increased by 1, namely in which n| = NT*I + 1. In other words we
look for the value of A at which Ry ceases to be dominant. A simple calculation shows that the
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ratio between the two contributions is

Zo(A,N,Ry) _e?

Zo(A, N, Ro) _ e 10
ZoA.N.R) _ N? (10)

This ratio is larger than 1 (hence Ry dominates and we are in the cutoff phase) if A > 4log N.
In order to study this phase transition in more detail, it is convenient to parametrize the area
A by rescaling it with log N:

A=ualogN + B. (11

From the previous argument we expect the cutoff transition to occur at the critical value o, = 4,
separating two distinct phases. So Yang—Mills theory on a sphere seems to have four phases
altogether: the first two at o = 0 separated by the Douglas—Kazakov phase transition at 8 = 72,
the other two when the area is logarithmically rescaled with N that are separated by the cutoff
transition. The phase before the cutoff is qualitatively different from the strong coupling phase
a la Douglas—Kazakov, as we will show in the following. Nonetheless, since the rescaling of
the area with log N is essentially introduced by hand, it is hard to say whether there is some
higher-order phase transition between them or just a crossover.

The aim of this section is to find the saddle point configuration and the free energy in the
two phases above and below the cutoff point o, = 4: the cutoff phase « > o, has been dis-
cussed above and it is rather trivial, but the phase below o, appears as an interesting intermediate
phase between the strong coupling phase in the Douglas—Kazakov transition and the cutoff phase.
Hence we shall concentrate on this in the rest of the section.

Let us consider again the partition function (2) and the corresponding action

N A N
2
S:Z‘leoglni—nﬂ—ﬁ;ni. (12)
i>j= i=

We want to find the extremum of this action in the large N limit, when A is parametrized as in
Eq. (11). Since we expect the saddle point distribution of the “momenta” n; to be symmetric with
respect to the origin (n; — —n;) we shall perform the variation only with respect to symmetric
configurations, that is we set

N -1
—M<Li<M, withM= andn_; = —n;. (13)
Using this symmetry one can restrict the sums to non-negative values of i (i =1,..., M) and
write the action as:
M M A M
2 2 2
S=2.Z log(n; —n;) +.Z log(ni +n;)* = 722> ni. (14)
i>j>1 i>j>1 i=1
While in the cutoff phase n; =i fori = 1,..., M below the cutoff transition we expect a

configuration of the type described in Fig. 3, namely:

ni=i, i=1,...,M—1,
M—ita =M —1l+a+ry, a=1,...,1, (15)
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where the value of [ and the spectrum of the integers r,, are to be determined. With these notations
the action can be written as:

I M-I
T Ty
S—Syo=4 I 1+ — 14—
0=42.2 OgK +a+j>< +M—l+cx+j>i|

a=1 j=1
Fo + 718 o — 1B
2 log( 1 log( 1
- Z<Og< +a+ﬂ+2(M—l)>+og( - a—ﬁ))
a#p
A l
—W;(Z(M—l+a)ra+r§), (16)

where Sp represents the value of the action in the trivial representation Ry. We shall assume that
as M — oo also [ — oo but at a slower rate than M, namely //M — 0. We shall also assume
that [ and r,, will be of the same order in the large M limit. These assumptions will be justified
a posteriori, in the sense that they will provide a stable saddle point in the large M limit when
the area is scaled like log M. They are also very reasonable assumptions: / is of order N in the
strong coupling phase following the Douglas—Kazakov transition and one expects that with the
logarithmic rescaling of the area it will shrink further by some power of N.

The first step in dealing with (16) is to make the dependence from M explicit. By using the
identity

Aﬁl i V(14— G e O (a7)
plie jta M—Il+j+a)  @CM-=2+a) (x+ry)!

we can rewrite the action as

I
2M — 21 ! !
S—SO=4ZI ( +o+ry) o

QM =2l +a)! (a+ry)!

a=1
Fo +7p o —1g
2 1 1 1 1
' £<0g< +orpraarn) T+ 5 57)
—ii(2(M—l+a)ra+r§). (18)
2M0t:1

All ratios of factorials in (18) can be reduced to the form log % with N — o0, C — o0

and % — 0. By repeated use of Stirling formula one finds, up to terms that vanish as % —0:
(N+0O)! C
where

M-l

c\ _ c\ logl+%) il 2
f(ﬁ>_1og(1+ﬁ>+f—1—k§<—n P (20)

C
N
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By using this asymptotic behaviour, and introducing continuum variables in the large N limit,
namely

x:% r(x):'%“ Za::l/dx. 1)

The action finally takes the form

1
S — S =4l2/dx |:r(x) <log<¥> - log(x + r(x)) +14 10g2>
0

r(x) —r(y))

1 1
+ x(logx —log(x+r(x))):| +212/dx/dylog(l + = =
0 0

1

—AIZ/dxr(x), (22)

0

where subleading terms (by powers of ﬁ) have been neglected.

It is apparent from (22) that in the new regime M > [ > 1 the quadratic term coming from the
Casimir operator has been linearized. Thus our problem reduces to a particular case of a class of
models characterized by a repulsive Vandermonde-like term and an attractive linear term, which
have been widely studied in the literature starting from [24] (see also [25] and references therein).
By the very same procedure showed at the beginning of the present section, Eqs. (9), (10), one
can prove that a cutoff transition exists also for general linear models.

Let us now parametrize the area A according to Eq. (11) and write the action as:

S — So =4I%[Fylog M — Filogl + F»], (23)
where Fp, F1 and F; are of order 1 in the large M and / limit and are given by:

1

Fo= (1 - %) /dxr(x),
0

1

:/dx r(x),

0
1

:/dx [r(x) (— log(x +r(x)) +1—1log2 — g) —|—x(logx - log(x +r(x)))]

/dxfdylog(l + r) —r(y))

In order to find the configuration that maximizes the functional integral in the large M limit we
take the variation of (23) with respect to both / and r(x). The variation with respect to [/ gives the
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equation:

1=V iogm+ (2 - L) Ziogs (24)
—=)lo ———)=lo
1) 8 F 2 £

which shows that / grows like M =% This is consistent with what we expected: for ¢ — 0 it
gives [ ~ M as in the strong phase beyond the Douglas—Kazakov transition, and at the cutoff
point « = 4 the power vanishes as expected.

The variation with respect to r(x) gives on the other hand

1

1
dy —log(x +r(x))=C (25)
/ x+rx)—y—r(y) ( )
with
o B PR o1 B
C=logl—|1——)logM+ = +1log2=—— -+ — +1log2. 26
og ( 4)og +4+og Fi 2~|—4+og (26)
If one introduces the new variable & = x + r(x) and the density function p(§) = Z—g with support
in the interval [0, a], Eq. (25) becomes®:
a
/an “logk =C. 27)
, §—n

This is a standard type of equation for the density of eigenvalues in the large N limit of matrix
models and can be solved by standard analytic methods (for a detailed discussion of this equation
see for instance [27]).

This same equation was obtained in [25], Eq. (66), for the large- N limit of models with a linear
potential. The only seeming difference is the presence, in our case, of a logarithmic non-constant
term; this is because we have explicitly performed the integral in the region where p = 1.

The resolvent function, whose discontinuity across the cut gives the density p(£), is given by:

H(§)=10g§+C—210g<7W> (28)
Ja
with the additional condition that for large &
1 1
H&=-+0|=). 29
©=;+ ( éz) (29)

The corresponding density is given by

(1)
p(&) = —arccos( /= ). 30)
b4 a

This solution obviously describes, through the symmetry (13), both the positive and the negative
region of n;.

6 The lowest extreme of the interval is #(0) which is zero by construction, the upper end «a is, according with the
definition of &, a =1 + r(1).
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The asymptotic condition (29) gives the two extra equations
a=2,  C=log2. GD

Eq. (30), together with the first of (31) define r(x) completely, although in an implicit way.
Hence all integrals involved in the definition of F| and F> can be calculated. The calculation can
actually be done analytically and gives:
1 KR 1 B

=y w2 & (52)
The second equation could have been derived independently from (26) and (31), so it constitutes
a non trivial consistency check. We can now write explicitly / and the free energy F' in terms of
the area A(M):

_B 1« _AM)

l=e dM 4 =Me 4 ,
_A(M)
2

_Q_ _12__77 2—-5 _ 2 ag2
F=S—So=-1=-¢ TM* % = -M2 (33)
2 T2 2

Beyond the cutoff transition we have instead F' = = 0, as the dominant eigenvalue distribution
is given by the double step function sketched in Fig. 3.

The interpretation of these results from the point of view of the free fermion description is
very clear: beyond the cutoff (o > 4) we are effectively in a zero temperature situation where all
fermions fill the Fermi sea with no holes. Below the cutoff instead (a < 4) some excited fermions
and the corresponding holes are present in proximity of the surface of the Fermi sea both on the
positive and negative momentum side. The number of fermions above the sea level is given by [
in (33). The ratio % vanishes like M~ in the large M limit. This distinguishes this phase from
the strong coupling phase of the Douglas—Kazakov transition, where such ratio remains finite,
namely the number of fermions above the Fermi sea level is of order M.

In spite of being described in terms of N free fermions, the free energy is proportional (with
the standard *t Hooft scaling) to N2, which reflects the original number of degrees of freedom in
aunitary N x N matrix model.” So it is not surprising that the free energy becomes proportional
to [ in presence of [ effective fermionic degrees of freedom when the area is rescaled by a log M
factor. It is as if the effective size of the original matrix had shrunk to / x /. A full understanding
of the reduction of number of degrees of freedom from the point of view of the original gauge
degrees of freedom is still wanted, although some light on it might be thrown by the study of the
kernels on the disc and the cylinder in the following sections.

It is apparent from (33) that the number of effective degrees of freedom M 2% is the actual
order parameter for the cutoff transition. Incidentally, this unusual dependence of the number of
degrees of freedom upon «, together with the choice of a large M limit, makes it rather delicate
to classify such a transition according to standard terminology.

Let us finally consider the representations of U(N) and/or SU(N) that correspond to the
“momentum” distribution pictured in Fig. 3 and given in (30). With the group SU(N)? this cor-
responds to a composite representation in the sense of Ref. [6], whose Young diagram is shown

7 The description in the terms of N fermions follows the integration over the angular variables that reduces the matrix
model to an integral over the eigenvalues. The ensuing Vandermonde determinant makes the wave function describing
the eigenvalues antisymmetric. As a consequence the total momentum of M left moving fermions is of order M 2 rather
than M, that is of the same order as the original number of bosonic degrees of freedom.

8 With SU(N) the term > ”12 in the action should be replaced by »_; "i2 — %(Zi n;)? which is invariant under
n; — n; + a. However with suitable choice of a the extra term can be set equal to zero.
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Fig. 4. Young tableau for a composite representation.

in Fig. 4 where the constituent representations are denoted by R and S. The rows in the Young
diagram of R and S (that coincide in this case) have lengths r, and their total number of boxes
|r| is given in the large N limit by

7| =Xa:ra ~12/dxr(x) = 41-‘12. (34)

If the group is U(N) an arbitrary number of columns of length N can be added or subtracted to
the Young diagram of Fig. 4, and the composite representation can be seen as the direct product
of the two constituent representations R and S with opposite U (1) charges. In fact the integers
labeling the representation S are in this case negative, which corresponds to changing signs of
the invariant angles 6;, namely to changing U into U. In the strong coupling regime of the
Douglas—Kazakov transition (A > 72) the partition function is dominated in the large N limit
by a composite representation of the same type but with the Young diagram of R and S made of
rows and columns of lengths of order N, rather than /, and a total number of boxes of order N 2
rather than /2.

4. Cutoff transition on the disc and on the cylinder

In this section we are going to consider the partition function on a disc and on a cylinder, with
fixed holonomies at the boundaries, in the regime where the area A is scaled as in (11). We shall
show that the cutoff transition occurs also in this case at the same critical value of «, except for
some particular holonomies at the boundaries. This is in analogy to what happens in the case
of the Douglas—Kazakov transition which was proved to occur on a cylinder in [11,12], except
possibly for some special configurations (see [26]).
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We shall use the standard expression for the partition function on a cylinder with holonomies
U and V at the boundaries, which is a particular case of (1):

Zeg(U. V) = e~ 5D N 5 (), (Vye I Zini (35)
r

The partition function on a disc is obtained from (35) by taking for instance U — 1 and the
partition function on the sphere is recovered by taking the double limit U — 1 and V — 1.
The area A in (35) scales as in (11). The sum over the representations r is replaced in the large
N limit by the saddle point, namely by a representation whose “momentum” distribution is of
the type described in Fig. 3. This corresponds to a composite representation, whose constituent
representations R and S have rows and columns of order / with /[/N — 0 in the large N limit.
The first step in evaluating (35) is then to calculate the characters in such limit.

4.1. Characters in the large N, large [ limit

For simplicity, let us consider first the case where only one constituent representation is
present, which would be the case if only right (or left) moving fermions were present above
the Fermi sea. This is given by:

nij=i fori=1,...,N—1,
n=N-Il4+a+ry, fori=N-Il+aanda=1,...,1. (36)

The dimension A, of this representation can be written in the form

1yl —npl o! fa — 18 (N —l+a+ry)!
4=117=5 _H<a+ra>!n(l+a—ﬂ)1:[ (N —l+a)!

i>j o a>f
d 1 (N—1 D d, I

A Wittt dr sl of LY (37)
L e T N

where d, is the dimension of the representation of the symmetric group S| associated to the
Young diagram r of rows r,. The order of the symmetric group is the total number of boxes in
the Young diagram: |r| = )", ro. The dependence on N in (37) is explicit: the ratio of factorials
in (37) is a polynomial in N of degree |r|. If [, « and r, are all of order / the coefficient of N!" 1=k
in this polynomial is of order ¥ in the large N, large  limit. Hence we can write

g Irl N
A,:WN [H;Ck(N) ] (38)

where the coefficients c; are smooth in the large /, large N limit. If the limit is taken keeping // N
finite, as in the strong coupling phase of the Douglas—Kazakov transition, all terms at the r.h.s.
of (38) are of the same order and cannot be neglected. On the other hand if the double scaling
limit is taken with /[/N — 0, as in the previous section, then all terms after the 1 are subleading
and can be neglected.

The same argument holds if instead of the dimension of the representation we consider a
character of U (N). In fact the celebrated Frobenius formula gives:

_d o X @) g (TS
W) =5 > TN U( N ) (39)

r
U€S|r|
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where j,(o) is a character of the symmetric group S), in the representation labeled by the
same Young diagram as x,(U), s; are the lengths of the cycles in the cycle decomposition of o
( Zj sj = |r|) and k, is the number of cycles in 0. By taking U — 1 and comparing (38) and (39)
one finds that the contribution of %:') when o consists of k, cycles is ~ [I"I=% in the large I
limit. So if we take the double scaling limit where both / and N go to infinity and the ratio //N
goes to zero, all terms in the sum over o in (39) are subleading with respect to the one where o
is the identity. We obtain:

d (Tru\V! TrU "
W) =—(—) N'[1+00/N)]=4.—) [1+00/N)]. (40)
Irt\ N N
Notice again that in the strong coupling phase of the Douglas—Kazakov transition, where in the
large N limit //N is kept constant, all terms in (39) coming from different permutations o are of
the same order and cannot be neglected.

4.2. Partition function on the cylinder and special boundary conditions

As a result of previous analysis we find that in the composite representations that are domi-
nant in the region 0 < o < 4 the characters y,(U) depend only from Tr U. Hence the partition
function on the cylinder will depend only on the trace of the holonomies on the boundaries. In
fact it is apparent from (40) that going from the sphere (U = 1) to the cylinder just amounts
to a multiplicative factor (%)"‘. In the case of interest however the composite representation
contains both chiral and anti-chiral component representations (that is R and S of Fig. 4) and
not just one as in the simplified example discussed above. However in the large N limit the two
component representations are decoupled [6] and the character of the composite representation
becomes just the product of the characters of the component representations:

2|r|
oy ) . (41)

Xcomposite(U) = xr(U) xr (UT) = A%( N

By replacing (41) into (35) we find

2lr|
mUTVY .
N N
where of course the value of |r| is the one determined by the saddle point equations and the
equality holds, in the large N limit, only in the regime where the area A is scaled as in (11) with
o #0. If we set u = |%| and v = |%| it is almost immediate to see that the multiplicative
factor at the r.h.s. of (42) is equivalent to replace in the action (23) the constant term S in the area

A with a B(u, v) given by:

chl(U, V)= Zsphere(

B — B(u,v)=p —logu® —logv>. (43)

The partition function on the cylinder is then the same as the partition function on a sphere
whose area is obtained from the area of the cylinder by adding the two terms logu? and log v?.
The latter can be interpreted as the areas of the two discs necessary to go, in the given momentum
configuration, from U = 1 (respectively V = 1) to the holonomy at the boundary with |%| =u
(respectively |¥| = v). The areas of the two discs are of order 1, so this correction does not
affect the position of the cutoff transition that remains on the cylinder at « = 4.
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The discussion above relies on the fact that the leading term in Frobenius formula (39) comes
from the identical permutation. However this is not always true: if we take the large N and /
limit keeping Tr U = 0° then all terms in (39) with o containing cycles of length 1 would vanish.
Assuming that Tr U? % 0, the term in Frobenius formula (39) with the highest power on N would

then come from permutations o all made out of cycles of length 2 and would be of order N 3
instead of N!"!. Supposing that both the trace of U and of V vanish the coefficient of log M in
the first term of (22) would be halved. Correspondingly the critical value of « at which the cutoff
transition occurs would also be halved and become o, = 2.

Let us make this argument general and more quantitative. Let us assume that Tr U1 £ 0 with
TrU/ =0 for j < k; and the same for V with k, at the place of k. The leading term in (39) will
now be:

_dy (TrUM klx(a) k»_
Xr(U)—W< N ) v (44)

where o consists of |kL| cycles of length k1.1° From the discussion following (39) we resume that

in the large [ limit X’(U) ~ r1a= 5 . By using this asymptotic behaviour and Eq. (44) we can

write the partition functlon on the cyhnder in the large N and [ limit as in (23), but with Fy and
F replaced by the following expressions:

1
F 1+1 “/d (x)
= | — _— = — r ,
0= \2k, T2k 4 A
0

1
1 1
F = (2_k1 + ﬁ) /dx r(x). 45)
0

The dependence of F> from r(x) is modified, in a so far unknown way, by next to leading terms
n %:7)“ while the constant parameter § is replaced by

~ 1 1
B — Bu,,vi,) = B — — loguj, — —logvg,, (46)

k1 ko

|TrU |TrV

where, with obvious notations, uy, = | and Uk, | . Although the equation for r(x)
cannot be derived, the variation with respect to [ glves the scaling power of / and the cutoff
transition point:

1— a

B
I~M Yt (47)
The cutoff transition occurs then at critical point o (k1, k2) given by:
1 1
ki k) =4 — + — 48
oc(ki, k2) (Zkl + 2k2> (48)

9 This can happen for instance if the holonomy at a boundary has a symmetry of some sort, for instance of the type
0 — 0 + 7, that is preserved through the limiting process.
10" We assume here for simplicity that we take [ — oo keeping the total number of boxes in the Young diagram multiple
of k1 and k5.
L1 A ot is known on the characters of permutations with cycles all of the same length, so an explicit expression for F,
is probably obtainable.
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which generalizes the result on the sphere.
5. Wilson loops

In this section we calculate the expectation value of a Wilson loop in a Yang-Mills theory
with gauge group U (N) in the large N limit. The space—time manifold has the topology of a
two-dimensional sphere whose area scales like log N as in Eq. (11). We shall follow th approach
of Daul and Kazakov [29] and Boulatov [30] who did the calculation for constant areas. The
general solution for arbitrary self-intersecting Wilson loops was obtained in [28].

We may think of the sphere of area A as two discs of areas A and Ay (A1 + A2 = A) sewed
along their common boundary and with holonomy on the boundary respectively U and U . The
Wilson loop is then given by

W(A1, Ar) = <%TI'U>

. A A
=% 3 dldz/dU%Tar1(U)x2(U‘)e_ﬁC‘_ﬁC2, (49)
R1,Ry

where d; and C are the dimension and the Casimir operator in the representation Ry, referred
to the disc of area A; likewise for dy and C». The quantity de Tr UXl(U)Xz(UT) may be
either 0 or 1, namely it is 1 when the Young diagram of R, is obtained by adding one box to
the diagram of R; and O otherwise. That is, if R; is labeled by the integers n; > ny > --- > ny,
R; is labeled by a set on integers where one of the n; is increased by one. Daul and Kazakov
used this property to get rid of one summation and obtained

WAL A = - Z 2 T (145 ) eredin, (50)

n; —n
i g ;o

where the sum over i corresponds to all the possible ways of adding one box to the diagram. This
is not however the whole result, in fact the original expression is symmetric under exchange of
A1 and Aj, so a term with A and A, exchanged12 must be added to (50) and gives:

A

W(A"A”:—Z Zdzl_[< .in.>e_%c'(w"'+e~"') (51)
n; i

i JiJ#i

Moreover, Eq. (50), as well as (51), is clearly not symmetric under n; <> —n;, so we cannot
restrict our considerations to n; > 0 any longer; instead we have to consider the whole interval
—00 < n;j < 00.

Let us first compute W (A1, Az) in the frozen phase where the sum over R; is dominated by the
trivial representation of dimension d; = 1 labeled by n; =i — % Vi and R; is the fundamental
representation of dimension d» = N with C; — C1 = N. By inserting this into (51) one finds:

A A
W(AL, A) = (e +e 7) (52)
which is, as expected, a typical strong coupling result. If for instance A; >> A, then we have
A
W(AL, Ag)~e 7. (53)

12’ This term originates from the fact that f dU TrU x1(U) xp (U T) is different from zero also if the representation
conjugate to Ry is obtained from the representation conjugate to R, by adding a box in the Young diagram.
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Since A = A1 + A =alog N + B, this situation can occur in two ways:

B

(1) Ay =02, Aj=alogN + Bj:then W ~e™ 7,
2) Ai=ajlogN + B1, Ay =axlog N + B2 with o > «rp: then WNN*T2

We proceed now to evaluate W (A1, A2) in the phase before the cutoff, namely for o < 4. The
sum over representations in (51) can be replaced by the contribution of the dominant representa-
tion in the large N limit, calculated on the sphere in Section 3. The saddle point is unaffected by
the presence of the extra term

ZH(H— )(eN"’—i-eWZ”)

i JJ#
which is subleading with respect to the action. After replacing in (51) the sum with the saddle
point contribution, some simplifications occur and we get

Alnl N”l
W(Ay, Ay) = — Zﬂ<1+ —n,>(eN +en i), (54)

I NE

The representation in (54) is of the type given in (15), and the sum over i describes all possible
ways of adding a box to the Young diagram. However the replacement n; — n; + 1 is impossible
in the region —! < i </ as the resulting sequence of integers would not be monotonic increasing.
So the sum over i in (54) can be replaced by a sum over o with 1 <« <. As a matter of fact
we must consider only positive «’s, as adding a box to the adjoint representation amounts to
symmetrize with respect to A; and A», and it has been taken already into account. Hence in
(54) we must replace the index i with o, n; with M — [ 4+ « + r, while the index j goes from
—M to M, namely it goes over both the condensed and the non-condensed regions. With these
substitutions the expression for the Wilson loop becomes:

| I 3
wnn-§2-40-5)

! 1 As I—¢
X exp<f;10g<1 s —g,S) — 7<1 - ZT)) + {42 — Ay}, (55)

where

oy = +rg. (56)
It is convenient as usual to use in the large N limit the continuum variables x = 1’ E(x) =
T“ and the density function p(§) = ds The crucial part of the calculation is the evaluation of

Zfﬁ:l log(1 + ﬁ) which can be done following Ref. [29]. By expanding the logarithm one
finds:

: 1
;log(“ré‘a—éﬁ) /”p(’”——z Z(ﬁ )kp(é) (57)

The first term at the r.h.s. comes from the k = 1 term of the log expansion and can be evaluated
using Eq. (27), the other terms can be calculated as in [29] and give log %. By inserting these
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results into (55) and using the explicit form of the solution (30) one finally obtains (neglecting
O(%) terms):

sin A A A A
P (e T te T)=me T e T (58)

T

W(Al,Ag):2/d§

which is exactly the same result as in the frozen phase. The result is not trivial, but it was some-
how to be expected. Both phases, before and after the transition, are strong coupling phases and
the expectation value of the Wilson loop should be in both of them obtained, to the leading order,
by filling the loop with elementary plaquettes in the fundamental representation. The effects of
the transition are expected to appear only at the next-to-leading order (~ %) which is sensitive

to the O (%) degrees of freedom which are not frozen below the cutoff.
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